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$H_{*}(\Omega SU(n))=\mathbb{Z}[\sigma_{1}, \ldots, \sigma_{n-1}].$
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$K=SU(n),$ $G=SL_{n}(\mathbb{C})$ Lascoux, Lapointe,
Morse [14] $k$-Schur Shimozono
Lam [9] nil-Hecke
$k$-Schur
$H_{*}(\Omega SU(n))=\mathbb{Z}[\sigma_{1}, \ldots, \sigma_{n-1}]$ $\sigma_{i}$ $i$ $h_{i}$
$T$ $K$ $\mathfrak{h}$ Lie $S$ $\mathfrak{h}^{*}$
Peterson 1997 Kostant-Kumar nil-Hecke $S$
$H_{*}^{T}(Gr_{G})\cross H_{T}^{*}(Gr_{G})arrow S=H_{T}^{*}(pt)$
$H_{*}^{T}(Gr_{G})$ affine nil-Hecke $A_{af}$






Kostant-Kumar nil-Hecke [7], [S]
Kumar [3] Peterson [15] [12]
2.1 Nil-Hecke
Peterson [15] nil-Hecke
$I$ $A=(a_{ij})_{i,j\in I}$ GCM (generalized Cartan matrix)
$a_{ij}\in \mathbb{Z}$ $a_{ii}=2$ $a_{ij}\leq 0(i\neq j)$ $a_{ij}=0\Leftrightarrow aji=0$
$P,$ $P^{*}$ $\langle\cdot,$ $\cdot\rangle$ : $P^{*}\cross Parrow \mathbb{Z}$
1 $\Pi=\{\alpha_{i}|i\in I\}\subset P$ $\Pi^{}=\{\alpha_{i}^{\vee}|i\in I\}\subset P^{*}$
$\langle\alpha j,$ $\alpha_{i}^{\vee}\rangle=a_{ij}$ $(A, P, P^{*}, \Pi, \Pi^{})$
Kac-Moody
GCM ( ) $W$
$s_{i}(i\in I)$
$s_{i}^{2}=1 (i\in I) , (S_{i}\mathcal{S}_{j})^{m_{ij}}=1 i,j\in I, i\neq j.$
$m_{ij}$ :
$m_{ij}=\{\begin{array}{ll}2 (a_{ij}a_{ji}=0)3 (a_{ij}a_{ji}=1)4 (a_{ij}a_{ji}=2) .6 (a_{ij}a_{ji}=3)\infty (a_{ij}a_{ji}\geq 4)\end{array}$
$W$ $P$ :
$s_{i}\lambda=\lambda-\langle\lambda, \alpha_{\check{i}}\rangle\alpha_{i} (i\in I, \lambda\in P)$ .
$W$ $S:=Sym_{\mathbb{Z}}(P)^{*1}$
Nil-Hecke $\mathbb{A}$ $A_{i}(i\in I)$ $S$




$A_{i}\cdot\lambda=(s_{i}\lambda)\cdot A_{i}+\langle\lambda, \alpha_{i}^{\vee}\rangle\cdot 1 (i\in I, \lambda\in P)$ ,
$A_{i}A_{j}A_{i}\cdots=A_{j}A_{i}A_{i}\cdots$ ( $m_{ij}$ ) $(i,j\in I, i\neq j)$
$w\in W$ $w=s_{i_{1}}\cdots s_{i_{f}}$
$A_{w}=A_{i_{1}}\cdots A_{i_{r}}$
$w$ $\{A_{w}|w\in W\}$ $\mathbb{A}$ $S$ $S$ A
$S$ $\mathbb{A}$
$\mathbb{Z}[W]$ A
$s_{i}\mapsto 1-\alpha_{i}A_{i} (i\in I)$
$W$ A
$w\cdot s=w(s)\cdot w (s\in S, w\in W)$
Kostant-Kumar $S$ $Q$ $:=$ fRiac $(S)$ $W$ “
” nil-Hecke
$v\in W$ A
$v= \sum_{w\in W}(-1)^{\ell(w)}\xi_{v}^{w}A_{w} (\xi_{v}^{w}\in S)$
$\xi_{v}^{w}\in S$
1. $s\in S$ $End_{\mathbb{Z}}(S)$ $s$
$\hat{s}\cdot f=\mathcal{S}f, A_{i}\cdot f=\alpha_{i}^{-1}(f-s_{i}(f)) (f\in S)$
$A_{i}\mapsto\hat{A}_{i},$ $s\mapsto\hat{\mathcal{S}}$ $S$ A
( ) $\lambda\in P$ $\hat{\lambda}$
$(A_{i} \hat{\lambda})f=A_{i}(\lambda f)=\frac{1}{\alpha_{i}}(\lambda f-\mathcal{S}_{i}(\lambda f))=\frac{1}{\alpha_{i}}(\lambda f-s_{i}\lambda\cdot s_{i}f)$ .
$((s_{i} \lambda)A_{i})f=\frac{1}{\alpha_{i}}(s_{i}\lambda\cdot f-\mathcal{S}_{i}\wedge\lambda\cdot s_{i}f)$
$= \frac{1}{\alpha_{i}}((\lambda-\langle\lambda, \alpha_{i}^{\vee}\rangle\alpha_{i})f-s_{i}\lambda\cdot s_{i}f)$
$=(A_{i}\hat{\lambda})f-\langle\lambda, \alpha_{i}^{\vee}\rangle f.$
4
$A_{i}f$ $s_{i}$ $A_{i}^{2}=0$ $A_{i}(i\in I)$ braid
$\mathbb{A}$ “ $M,$ $N$ A
$M\otimes_{S}N=M\otimes_{\mathbb{Z}}N/\langle sm\otimes n-m\otimes sn|m\in M, n\in N, s\in S\rangle$
$M\otimes_{S}N$ $\mathbb{A}$
$s\cdot(m\otimes n)=sm\otimes n=m\otimes sn,$






$\triangle(w)=w\otimes w(w\in W) , \triangle(s)=s\otimes 1=1\otimes s,$
$\triangle(A_{i})=A_{i}\otimes 1+\mathcal{S}_{i}\otimes A_{i}=1\otimes A_{i}+A_{i}\otimes \mathcal{S}_{i}.$
$\mathbb{A}\otimes_{S}\mathbb{A}$
$(A_{i}\otimes 1)(s\otimes 1)=(A_{i}\otimes 1)(1\otimes s)(s\in S)$




$G$ ( ). Flag variety $G/B$ $T$- Schubert $\sigma^{w}(w\in W)$
$S$ :
$H_{T}^{*}(G/B)= \bigoplus_{w\in W}S\sigma^{w}$




1([1],[7]). $\iota_{v}$ : $e_{v}arrow G/B$ $\iota_{v}^{*}:H_{T}^{*}(G/B)arrow H_{T}^{*}(e_{v})\cong S$
$\iota_{v}^{*}(\sigma^{w})=\xi^{w}(v)$
$W$ $S$ Map $(W, S)$
$H_{T}^{*}(G/B)arrow H_{T}^{*}((G/B)^{T})\cong$ Map$(W, S)$ $\sigma^{w}$ $\xi^{w}$













[15] nil-Hecke A $H_{T}^{*}(G/B)$ $S$ $Homs(H_{T}^{*}(G/B), S)$
A $G/B$ $T$ $H_{*}^{T}(G/B)$
( ) thin flag variety $\mathcal{O}$
Grothendieck Fconvolution [8] $K$ nil-Hecke
6
Hopf algebroid $K$ nil-Hecke $*$3
3 Affine nil-Hecke Peterson $i$ -map
Kac-Moody
$(A, P, P^{*}, \Pi, \Pi^{\vee})$
$\mathfrak{g}$ Lie $G$ $W$
$Q^{\vee}$ $W_{af}=W\ltimes Q^{\vee}$
$\mathcal{S}_{i}(i\in I\cup\{0\})$ $I$ $A$ $P$ $W$
$W_{af}$ ( )
$(wt_{\lambda})\cdot\mu=w\mu (\lambda\in Q^{\vee}, \mu\in P)$ .
$t_{\mu}\in W_{af}$ $\mu$ translation element $S=Sym_{\mathbb{Z}}(P)$ $W_{af}$
Kac
$\mathfrak{g}_{af}=\mathfrak{g}\otimes \mathbb{C}[t, t^{-1}]\oplus \mathbb{C}K\oplus \mathbb{C}d$ : $\mathfrak{g}$ untwisted affine Lie algebra
$\delta=\sum_{i\in I\cup\{0\}}a_{i}\alpha_{i}$ : $\mathfrak{g}$ null root
$P_{af}=\mathbb{Z}\delta\oplus\oplus_{i\in I\cup\{0\}}\mathbb{Z}\Lambda_{i}\subset \mathfrak{h}_{af}^{*}$ : $\mathfrak{g}_{af}$
$G$af $\supset P_{I}^{-}\supset B_{af}^{-}\supset T_{af}$ $G_{af}$ $\mathfrak{g}$af [5]
$X_{af}=G_{af}/B_{af}^{-}$ thick flag variety, $Grc=G_{af}/P_{I}^{-}$
thick affine Grassmann $T_{af}$ $P_{af}$
$T=T_{af}\cap G$
Thick flag variety $T$
$K$ [6] (
Kac-Moody ). nil-Hecke
$H_{T}^{*}$ $f(X_{af}),$ $H_{T}^{*}(X_{af})$ $H_{T}^{*}(Gr_{G})$ nil-Hecke
$P_{af}arrow P$ $\mathbb{Z}\delta\oplus \mathbb{Z}\Lambda_{0}$ $S=Sym_{\mathbb{Z}}(P),$ $S_{af}=$
$Sym_{\mathbb{Z}}(P_{af})$ $\phi$ : $S_{af}arrow S$ $\mathbb{A}_{af}$ $S$ ( $S_{af}$ )
$*3$ $(!)$ $f\dot{i}$eck $A$ nil-Hecke
7
$W_{af}$ (\S 2.1)
3.1 Affine flag variety $T$
$\mathfrak{g}_{af}$ ( ) \S 2.1 $\Xi_{af}’$
$H_{T_{af}}^{*}(X_{af})=\Xi_{af}’$ $\xi’w$ $\xi$ $\Xi_{af}’=$




$\Xi_{af}$ Map $(W_{af}, S)$ GKM
(Goresky-Kottwitz-MacPherson) $\Xi_{af}’$ Map $(W_{af}, S_{af})$





3.2 $Aff|ne$ Grassmannian Schubert
Affine flag variety $X_{af}=G_{af}/B_{af}^{-}$ affine Grassmannian $Grc=G_{af}/P_{I}^{-}$
















$\xi\in H_{T}^{*}(X_{af})$ $\varpi(\xi)\in$ Map $(W_{af}, S)$
$\varpi(\xi)(w)=\xi(t_{\mu})$
$wW=t_{\mu}W$ $\mu\in Q^{\vee}$ ( ) $\varpi(\xi)$
$H_{T}^{*}(Gr_{G})$ $\varpi$
$:H_{*}^{T}(Gr_{G})arrow H_{*}^{T}(X_{af})=\mathbb{A}_{af}$
$\langle j(\sigma), \xi\rangle=\langle\sigma, \varpi(\xi)\rangle (\sigma\in H_{*}^{T}(Gr_{G}), \xi\in H_{T}^{*}(X_{af}))$ .
1 (Peterson). $j$ $\mathbb{A}_{af}$ $S$ $Z_{A_{af}}(S)$
$S$ $S_{af}$
$Z_{A_{af}}(S)$ $\mathbb{A}_{af}$ “ ” $t_{\mu}\mapsto t_{-\mu}(\mu\in Q^{\vee})$
antipode $S$ $Gr_{G}\cong\Omega K$
$H_{*}^{T}(Gr_{G})$ $S$
2 (Peterson, cf. Lam [9]). $j:H_{*}^{T}(Gr_{G})arrow Z_{A_{af}}(S)$ $S$ Hopf
9
3 (Peterson, cf. Lam [9]). $w\in W_{af}^{I}$



























$\Lambda_{(n)}:=\mathbb{Z}[h_{1}(x), \ldots, h_{n-1}(x)]$ Bott
$\Lambda_{(n)}\cong H_{*}(Gr_{SL_{n}})$
Lam $\mathbb{A}_{af}$ $\Lambda_{(n)}$ $1\leq k\leq n-1$
$J$ $k$ $I=\{0,1, \ldots, n-1\}$ ( $A_{n-1}^{(n)}$ Dynkin )
$J$ $A_{i+1}$ $A_{i}(\mathbb{Z}/z\mathbb{Z}$
) A (
). $k$ $J$ $A_{J}$
$n=4,$ $k=2$
$\hat{h}_{2}=A_{3}A_{2}+A_{3}A_{1}+A_{0}A_{3}+A_{2}A_{1}+A_{2}A_{0}+A_{1}A_{0}.$
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